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Summary

James Clerk Maxwell synthesized the unified theory in which all electric and magnetic
phenomena could be described using four equations. This theory predicts that transverse
electromagnetic waves are produced by accelerating charges, propagating through space
with time at the speed of light. The electromagnetic spectrum includes electromagnetic
waves of a continuous variety of wavelengths, from radio and microwaves to visible
light to X-rays and y-rays. As a transverse wave, light and other electromagnetic
waves can be polarized, with a definite direction of the electric field vector.
Electromagnetic waves carry energy and momentum from one region of space to
another. They offer the possibility of transmitting information over long distances like
for radio and television wireless transmission. A hot body emits, and absorbs, radiation
consisting of electromagnetic waves. The spectrum of radiation emitted by black bodies
at a given temperature was explained by Max Planck in terms of molecular oscillations.
Important evidence for the Big Bang theory of the Universe was the discovery of the
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cosmic microwave background radiation, which conforms to a blackbody radiation at a
temperature of 2.7 K. The wave theory of light was strongly supported by the
observations exhibiting interference and diffraction. Planck’s formula and other
radiation phenomena led, however, to a unified wave-particle description in terms of
quantum states: the photons. Photons in radiation and discrete energy levels in atoms are
the fundamental concepts for lasers. A laser is a device that can produce a very narrow
intense beam of monochromatic coherent radiation.

1. Introduction: Physical Reality of the Field

The existence of electromagnetic waves that propagate through space with time, at the
speed of light, was the most dramatic prediction of Maxwell’s equations, published in
1864. These equations represent a complete and consistent set of fundamental physical
laws for electricity and magnetism and show that these two disciplines are
fundamentally connected or, better, unified. We shall discuss the orientation and
relationship of the electric and magnetic fields that propagate in space, forming
electromagnetic waves; the energy and momentum carried by these waves, and
polarization, a phenomenon that does not appear in acoustic waves. In acoustic waves,
the perturbation that propagates in space and time is the local pressure, a scalar
magnitude, whereas in electromagnetic waves the perturbation is a vector field. Systems
in which accelerating charges generate electromagnetic waves are the broadcasting
antennas, for which the electromagnetic field propagates to very long distances. The
properties of the radiation emitted by a black body cavity will be analyzed, as well as
the cosmic microwave background that fills the entire Universe.

The realization that light is a form of electromagnetic radiation has led to a complete
understanding of all the properties of light. By the early XIX century, it had become
apparent that certain observations demand that light behaves like a wave. For example,
when we look very closely, under controlled conditions, light does bend around
corners. Although light appears to travel in straight lines, a fact that manifests itself in
the sharpness of shadows, there are situations in which light does not cast sharp
shadows. Christian Huygens, in 1687, had already proposed a wave theory of light,
contrary to the view of Isaac Newton, who supported a picture of light composed of
particles, based on its rectilinear motion. The wave theory of light can explain
everything that the particle theory of light can, but not the opposite: interference and
diffraction can be explained only by the wave theory. The fact that the electric and
magnetic fields propagate in space-time like a wave implies that they transport, as we
shall see, energy and momentum. As a consequence, the field has a physical reality, as
much as matter, and it is not a mere mathematical construct.

In the XX century, we had to revise our view once more as new experimental evidence
led to the picture of electromagnetic radiation in terms of photons, a concept that unifies
the quantum of energy E =hv, a particle property, with the frequency v of radiation, a
wave property. The link between particle and wave behaviors is established through the
Planck constanth, a fundamental and universal constant with the physical dimension of
action = energy x time. On the basis of photons and atomic energy levels, we can
understand the principles of the laser, a light source that produces a beam of highly
coherent and very nearly monochromatic light. The quantum description of
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electromagnetic radiation in terms of photons unifies the particle properties of energy
and momentum with the wave properties of frequency and wave number. The physical
reality of photons is apparent in their direct detection by particle detectors.

The knowledge on the generation, propagation and detection of the electromagnetic
waves has led, in the XX century, towards the modern methods of communication.

2. Maxwell’s Equations

Maxwell’s equations summarize the content of electricity and magnetism. They
describe fully electric and magnetic fields in the presence of electric charges and
currents, in the sense that the charge and current input is able to generate the

electromagnetic field through space: (Q,1) — (E,@) .

The first pair of equations refers to the vector properties of the fields E and B,
independently of the generating sources.

1) The first is Gauss’ law for magnetic fields
gﬁﬁﬁ.ﬁ =0 1)

which says that the magnetic flux through a closed (Gauss) surface vanishes. In other
words, any magnetic flux which goes into a volume has to come out, and vice versa.

You cannot have localized magnetic sources and the magnetic field B is said to be
solenoidal. Magnetic monopoles, which would be the magnetic analogues of electric

charges, have never been discovered. The B - field lines, which are tangent to the B -
vector at each point, are closed lines. As the number of field lines crossing a given
surface is proportional to the magnetic flux, the equality of the number of field lines
entering a closed surface to the number of those leaving it leads to Gauss’ law. Equation

(1) holds even for time - dependent magnetic fields. In Figure 1, the B- field lines
generated in a solenoid are given.

Figure 1. Magnetic field lines generated in a solenoid

2) Faraday’s law describes the induced electric field generated by a changing magnetic
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flux. It says that the e.m.f. (electromotive force, the source of energy), given by the
integral of the tangential component of the induced electric field around an arbitrary
closed loop, is determined by the opposite of the rate of change of the magnetic flux
through any open surface bounded by the closed loop.

gﬁEdE:—%J‘LEdK )

The reader understands, with the help of the magnetic Gauss’ law (1), why the right-
hand-side of Eq. (2) is independent of the specific open surface S to be used. This is a
very helpful result because it shows that we can choose for convenience the surface
through which to calculate the magnetic flux. There is a right-hand rule that works as
follows: If the fingers of the right hand curl in the direction of the loop, the thumb
indicates the direction of the surface for calculating the flux. The minus sign is very
important: it says that the induced electric field, were it to act on charges, would give
rise to an induced current that opposes the change in the magnetic flux, formulated as
Lenz’s law. Induced electric fields described by Eq. (2) differ fundamentally from those
generated by localized electric charges. The last ones are always associated with
conservative forces, and the work done by them in moving a charge around a closed
loop is always zero, contrary to Eq. (2). The induced electric field is not conservative,
and it cannot be described by a potential that is only a function of space.

The second pair of Maxwell’s equations contain the generation of the electromagnetic
field by means of electric charges and currents.

3) Gauss’ law for electric fields reads
{pE.dA=Q/s, ?)

It relates the electric flux through a closed surface to the charge Q enclosed. The
coefficient 1/e,, where €, is the vacuum dielectric constant, is an artifact of the

International System of Units based on meter, Kilogram, second and Coulomb. The
charge Q is the total charge contained within the closed surface. This law is actually a

generalization of Coulomb’s law. Whereas Coulomb’s law is correct only for static
charges, Gauss’ law holds even if the charges are not stationary, i.e., even if the electric
field varies with time. To derive Coulomb’s law from Gauss’ law we center a (closed)
Gaussian sphere on a point charge g, as shown in Figure 2. By symmetry arguments, all
directions around the point charge are equivalent. The only configuration of the field E
that does not favor some particular direction is a radial field. The surface element dA
of a Gaussian sphere is also radial, thus E.dA =EdA. Moreover, symmetry also

implies that E will have the same magnitude everywhere on the surface, so that Eq. (3)
implies

o 1
JPE.dA={pEdA =EfpdA= E(4m2):€i0:> E= - - r% [Coulomb]
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The field E is positive, radially outward, for a positive internal charge. The Coulomb
law for the force between two charges q and q' follows if we put the second charge g’

in the electric field generated by the first charge q and use F=q'E.
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Figure 2. Gaussian sphere around a point charge

4) Ampere’s law describes the relation between a magnetic field and the current that
gives rise to that field. When there is time dependence in the current, this law has a
logical flaw. If there is no charge buildup anywhere, then currents must be steady,
consistent with charge conservation. As currents flow in a capacitor, the charge builds
up and eventually the current that brings the charge must decrease. In Ampere’s law, the
quantity 1 (enclosed) that refers to the current enclosed by a closed path would be thus
ambiguous, as seen in Figure 3.

Surface 2

\Closed path

Figure 3. Ambiguity in the current enclosed by a closed path: Compare Surface 1 with
the current | enclosed with Surface 2 with no current
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Maxwell noted that, even if no current passes through surface 2 in Figure 3, there is a
changing electric flux through it. Maxwell called the changing flux term the
displacement current |, =€, d®g/dt (where the subcript E denotes the electric flux).
Even though the current is not continuous when capacitors are present, the sum of the
ordinary current and the displacement current is continuous. Maxwell’s generalized
form of Ampere’s law is accordingly

$B.ds= sl + 119 EO%”SE.dK (4)

The left-hand side is the expression for the integral of the magnetic field’s tangential
component along a closed loop. The right-hand side has two contributions: one is the
current flowing any surface S bounded by the closed loop, the other is the rate of
change of the electric field flux through such a surface, the “displacement current”
contribution. The presence of M the vacuum permeability, is again a consequence of

the choice of Sl units.

In Maxwell’s equations, loops and surfaces (Gaussian or not) are imaginary, i.e., mental
constructs where the fields E or B are defined. The equations display a certain degree
of symmetry between electric and magnetic fields: compare (1) with (3), and (2) with
(4). This symmetry is not perfect, due to the non-existence of magnetic monopoles. For
example, Faraday’s law contains no term like the yol term in Ampere’s law, because

there is no free magnetic charge to form a magnetic current. In vacuum, where there are
no electric charges, the symmetry is perfect.

In the presence of matter, electromagnetic phenomena can be described by a modified
form of Maxwell’s equations. For most types of materials, we can simply replace €, by

€, because the additional replacement of M by u does not affect matters much
(except for ferromagnetic materials).

3. The Propagation of Electromagnetic Fields

A glance at Egs. (2) and (4) shows that when the electric and magnetic fields are time
dependent, they influence each other: they are said to be coupled. These coupled
configurations of the field can transport energy and momentum over very long
distances, much longer than the typical ranges of electrostatic and magnetostatic fields.
The coupled fields produce traveling waves called electromagnetic waves. These waves
are all around us: Radio and Television, Microwaves, visible Light, X-rays, etc.

We may understand how charges in motion can give rise to electromagnetic waves.
Consider, as in Figure 4a, a straight wire that is aligned with the x-axis and carries a
current 1. A magnetic field forms in rings around the wire; if the current is constant, the
magnetic field is also constant. If the current increases, the magnetic field increases, as
does the magnetic flux through an area A, in the x-z plane. According to Faraday’s

law, Eqg. (2), a changing magnetic flux induces an e.m.f. around the boundary of this
area, and it is associated with the induced electric field of Figure.4b. Lenz’s law
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determines the direction of this electric field.

Top edge of
area A I

Figure 4. (a) Generation of electromagnetic waves; (b) Induced secondary electric and
magnetic fields. See the text for the discussion.

Consider now the top edge of area A;. Along that edge, the electric field has been

induced in the x—direction. This induced electric field changes, because it was due to a
changing magnetic field. But, according to Maxwell’s law, Eq. (4), a changing electric
field produces a magnetic field by giving rise to a displacement current and we do not
need any flowing charges from now on. At this point we have discovered how the

propagation works: The displacement current produces a secondary magnetic field B,

at higher values of z as in Figure 4b. In the xz plane, B is perpendicular to that plane
and it is changing with time. As a consequence, this secondary magnetic field produces
an induced e.m.f. aligned in the x-direction at still higher values of z. The process
repeats itself to still higher and higher z values, leading to the propagation of the
electromagnetic field in space regions without charges or currents.

4. Sinusoidal Electromagnetic Waves

In the configuration of Section 3, with the imaginary loop in the xz-plane, the fields
propagate in the z-direction. Propagation only in the z-direction is the physical situation
if the single current- carrying wire is replaced by a sheet of current oriented in the xy-
plane, as indicated in Figure 5. The electric field is aligned along the x-axis, parallel to
the current, and the magnetic field is aligned along the y-axis, perpendicular to both the
electric field and to the direction of propagation. This is a general feature of
electromagnetic waves.

The current that is the original source of the fields must change with time or,
equivalently, charges that produce propagating electric and magnetic fields must be
accelerating.

The propagating fields E, and By depend therefore on (z,t). From Maxwell’s
equation (4), one can derive.
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From Faraday’s Law (2), one can get

oB E
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Moving
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Figure 5. Generation of plane waves

These Egs. (5) and (6) couple the two fields. Taking the derivative of (5) with respect to
time and the derivative of (6) with respect to z, the result is the Wave Equation

O%E, O%E,
o2 0 el

which describes how the perturbation, the field, propagates in a correlated way with
respect to z and to t. The Wave Equation provides the connection between the
variation of the field with time, at a given point, and the variation of the field with
space, at a given time.

A solution of this wave equation is a harmonic plane wave propagating in the z-
direction

E, =E,cos(kz - at + @) (8)

where E, is the amplitude, k the wave number and @ the angular frequency. Equation

(8) represents a wave of wavelength 4 =27k and frequency v = /27 . The speed of
the wave’s propagation is ¢ = Av = w/k . Its value is found from the wave equation (7).

We have
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1

ey (9)

giving the speed of light ¢ = 3.00x108m/s .

C=

The wave equation for the magnetic field is similar. From Eqgs. (5) and (6), the correct
spatial and time dependence of B, IS again harmonic

B, =B, cos(kz — wt + ¢) (10)

with the same wave number k and angular frequency @. As seen in Egs. (8) and (10),
the fields E, and B, are in phase: when the electric field is a maximum, the magnetic

field is also a maximum; when one is zero, the other is zero, and so forth. The solutions
found for these plane waves have the property that the electric field and magnetic field

are perpendicular to each other E.B=0 and both are transverse to the direction Z of

propagation of the wave. In Figure 6 one has an instantaneous view of the transverse
electric and magnetic fields that propagate along the z-axis.

)= wavelength

E = amplitude of
electric field

M = amplitude of
magnetic field

distance ——»

Figure 6. Instantaneous view of the transverse electromagnetic field propagating in a
definite direction

Again, from Eg. (6) one finds the relation between the electric and magnetic amplitudes
in an electromagnetic wave

which is independent of the original currents. From Eq. (5), one finds

which is compatible with (11) only if c is given by (9).
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