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Summary

The present chapter is a historical and pedagogical survey of the development of early
guantum mechanics. As the title suggests, this work is about the history of the
mathematical formalism of quantum mechanics in the short period between 1925/1926
(when wave and matrix mechanics were introduced) and 1932 when the first consistent
proof of the equivalence between the two formalisms was given by J. von Neumann in
his celebrated book Mathematische Grundlagen der Quantenmechanik.

In order to deal with atomic systems, Heisenberg developed matrix mechanics in 1925.
Some time later, in the winter 25/26, Schrodinger established his wave mechanics. In
the spring of 1926, quantum physicists had two theoretical models that allowed them to
predict the same behavior for quantum systems, but both of them were very different.
Schradinger thought that the empirical equivalence could be explained by means of a
proof of mathematical equivalence. The bulk of the present work revolves around this
equivalence problem and is mainly dedicated to showing that the equivalence proofs,
taken for granted in many books on history and foundations of quantum mechanics,
were not conclusive. These proofs were presented by E. Schrédinger and independently
by C. Eckart, more or less at the same time. The argument is that what made invalid the
purported equivalence proofs were a great many imprecise points in them. The
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contribution made by P. A. M. Dirac and P. Jordan to the same problem, regarding the
introduction of the transformation theory, is also briefly discussed in the chapter, which
finishes with the definitive solution to the mathematical equivalence given by Von
Neumann. This chapter also gives a brief account of the aforementioned proof of
equivalence between matrix mechanics and wave mechanics at a level accessible to
physics students, teachers and researchers.

1. Introduction

Nowadays a classical mechanics course devotes a lot of time to various formulations of
classical mechanics (Newtonian, Lagrangian, and Hamiltonian). However, most
undergraduate and graduate level quantum mechanics courses present an amalgam of
the wavefunction and matrix formulations, with an emphasis on the wavefunction side.
They emphasize the wavefunction formulation almost to the exclusion of all variants.
This fact implies that, for example, physics students do not take into account the
important role that matrix theory played as a vehicle of discovery in quantum physics.
The ever-popular wave mechanics was not the first quantum mechanics to be
discovered. Moreover, as a matter of fact, physics students do not know one of the most
interesting episodes of the history and philosophy of physics: the mathematical and
empirical equivalence between matrix and wave mechanics. Heisenberg’s mechanics
and Schrodinger’s mechanics differ dramatically in conceptual and epistemological
overview, yet both make identical predictions for all experimental results and both of
them are mathematically equivalent. The aim of this presentation is to give an account
of the development of the mathematical equivalence of quantum mechanics at a level
accessible to students. From Schrddinger’s equivalence paper until Von Neumann’s
famous book, Mathematical foundations of quantum mechanics, passing through
Dirac’s work, all angles of approach are considered.

2. Old Quantum Theory

In order to deal with Nature, physicists postulate theoretical models as instruments
intended to explain phenomena and to make testable predictions about the empirical
domains they are concerned with. Every branch of theoretical physics: from cosmology
to microphysics, and nearly every theoretical discipline, uses theoretical models. They
are specially useful during the outset of emerging research fields. A theoretical model is
a mathematical structure used to describe the behavior of a real system. The great
strength of mathematics is that it enables physicists to describe abstract patterns that
cannot be perceived by their own senses. Every algebraic, differential or integral
equation or set of such equations defines a kind of pattern. The description of the pattern
provided by the model is a tool which enables them to predict the manifestations that
will appear under determined circumstances.

Starting in the seventeenth century, and continuing to the present day, physicists have
developed a set of models that describe a lot about the world around us: the motion of a
cannonball, the orbit of a planet, the working of an engine, etc. This body of ideas is
called classical mechanics. In 1905, Albert Einstein realized that these ideas did not
apply to objects moving at high speeds (that is, at speeds near the speed of light) and he
developed an alternative set of models called relativistic mechanics. Classical
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mechanics is wrong in principle, but it is a good approximation to relativistic mechanics
when applied to objects moving at low speeds.

At about the same time, several experiments led physicists to realize that the classical
models did not apply to very small objects, such as molecules and atoms, either. Over
the period 1900-1932 a number of physicists (Planck, Bohr, Heisenberg, De Broglie,
Schrodinger, and others) developed an alternative quantum mechanics. Classical
mechanics is wrong in principle, but it is a good approximation to quantum mechanics
when applied to large objects.

A full history of quantum mechanics would be a story full of serendipity, personal
squabbles, opportunities missed and taken, and of luck both good and bad. It would
have to discuss Schrodinger’s many mistresses, Ehrenfest’s suicide, and Heisenberg’s
involvement with Nazism (Cropper 1970). And it would have to treat the First World
War’s effect on the development of science (Forman 1971).

But this chapter does not contain a social but a mathematical history of quantum
mechanics. In the sequel, the author is going to spend some space on the old atomic
models, which will be explained now, because quantum physics grew out from attempts
to understand the behavior of atomic systems. The strange quantum world and the need
for new mathematics have their origin in this research.

2.1 From Planck to Bohr

The heroic origin of quantum theory dates from December 14™ 1900. In this date,
during the meeting of the German Physical Society, Max Planck read a paper titled ‘On
the Law of Distribution of Energy in the Normal Spectrum’. The date of its presentation
is considered the birth date of quantum physics, even though it was not until a quarter of
a century later that Heisenberg, Schrodinger and others developed modern quantum
mechanics. The dramatis personae of the prehistory of quantum theory (1900-1924)
includes the names of Max Planck, Albert Einstein and Niels Bohr, among others.

In 1900, Planck reported his investigations on the law of black-body radiation. He had
discovered a discontinuous phenomenon totally unknown to classical physics. The
energy of vibrating systems could not change continuously, but only in such a way that
it always remained equal to an integral number of so-called energy-quanta. The
proportionality factor had to be regarded as a new universal constant, known as Planck’s
constant h (from the German Hilfsmitte, auxiliary) since then. All this implied a
rupture, because energy could not be treated any longer as a continuous variable. Planck
introduced an intrinsic discontinuity: the quantum discontinuity.

A few vyears later, in the years 1905-1907, Albert Einstein emphasized another
consequence of Planck’s results, namely, that radiant energy could only be emitted or
absorbed by an oscillating particle in so-called quanta of radiation, the magnitude of
each was equal to Planck’s constant h multiplied by the frequency of radiation v. The
hypothesis of light-quanta led Einstein to his well-known theory of the photoelectric
effect, which was well supported by R. Millikan’s experiments. These experiments
always gave the same value of Planck’s constant h .
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The knowledge of atomic structure was reached through the discovery of the electron,
due to J. J. Thomson, and through the discovery of the atomic nucleus, which we owe to
E. Rutherford, by studying radioactive substances and working with a- and g-particles.
Towards 1910, experimental evidence existed that atoms were made up of electrons.
Given that atoms were neutral, they had to contain a positive charge equal in magnitude
to the negative charge provided by their electrons. Thomson proposed a tentative model,
whereby the negatively charged electrons where found inside a positively charged
distribution. In 1911, Rutherford demonstrated that the positive charge was not
distributed throughout the atom, but on the contrary, was concentrated in a very small
area that could be considered the atomic nucleus. An atom was built up of a nucleus that
had a positive electrical charge, together with a number of electrons which had a
negative charge and move around the nucleus. This picture had a resemblance to a
planetary system.

However, this conception did not provide a better explanation for the spectra of the
atoms. It was impossible to understand why atomic spectra consisted of sharp lines at
all. Moreover, according to classical electrodynamic theory, electrons had to fall onto
the nucleus because their motion would emit a continuous radiation of energy from the
atom. Who could explain the data of the spectroscopy and the amazing stability of
atoms? A genius called Niels Bohr, a Dane (age 28) who had recently worked in
Rutherford’s laboratory. He avoided these difficulties by introducing concepts borrowed
from quantum theory. Bohr exploited the quantum discontinuity in his first atomic
theory.

Bohr’s leading role in the development of atomic theory began in 1913 with a
fundamental memoir, *On the constitution of atoms and molecules’, published in three
parts in the Philosophical Magazine. Bohr’s atomic theory emerged from an endeavor
to explain the properties of chemical elements on the basis of Rutherford’s planetary
model of atoms. While the most obvious property expected from real atoms was their
stability with respect to external perturbations, Bohr found that Rutherford’s model was
unstable, both mechanically and electrodynamically. Not discouraged by this conflict,
he proposed a quantum notion of stability that was embodied in his concept of
stationary state. In the first part of his trilogy, Bohr introduced this concept. The
stability of atoms transcended classical mechanical explanation. The essential
motivation for the introduction of this bold hypothesis was the impossibility of adapting
the mechanical stability arguments of Thomson’s atom to the new planetary models.

The atomic model of Bohr solved the riddle by means of two postulates. The first one
accounted for the stability of the atom and it stated that an atomic system cannot exist in
all mechanically possible states, forming a continuum, but in series of discrete
stationary states. The second postulate accounted for the line-spectra. It claimed that the
difference in energy in a transition from one stationary state to another was emitted or
absorbed as a light quantum hv. By definition the stationary states were subject to the
following assumptions, which were mostly suggested by the quantum theory of Planck
and Einstein, and the simple regularities of the hydrogen spectrum:

I. An atomic system can, and can only, exist permanently in a certain series of
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states corresponding to a discontinuous series of values for its energy, and that
consequently any change of the energy of the system, including emission and
absorption of electromagnetic radiation, must take place by a complete transition
between two such states. These states will be denoted as the “stationary states’ of
the system.

I1. The radiation absorbed or emitted during a transition between two stationary
states is ‘unifrequentic’ and possesses a frequency v, given by the relation

E'-E"=hv (1)

where h is Planck’s constant and where E' and E" are the values of the energy in
the two states under consideration. (Van der Waerden 1968, 97-98.)

The strange conception of atoms as systems which were only able to assume discrete
energy changes was a masterpiece because it gave an explanation of the Balmer formula
and the Rydberg constant. Bohr’s theory was remarkably successful in explaining the
colours emitted by hydrogen glowing in a discharge tube, and the Periodic System of
the elements. Moreover, it sparked enormous interest in developing and extending the
old quantum theory.

This development was hindered but not halted completely by the start of the First World
War in 1914. During the war Arnold Sommerfeld made progress on the implications of
quantization. He extended the circular orbits of Bohr to elliptical orbits, and he refined
his atomic model by introducing several quantum numbers in order to explain the fine
structure shown by the hydrogen spectrum when it was observed with a spectroscope of
high resolving power.

With the coming of the armistice in 1918, work in quantum mechanics expanded
rapidly. Many theories were suggested and many experiments performed. To cite just
one example, in 1922 O. Stern and his graduate student W. Gerlach performed their
important experiment on the deflection of particles, often used to illustrate the basic
principles of quantum physics. They demonstrated the space quantization rule, that is,
the magnetic moment of the silver atoms could take only two positions, not a continuum
one. At the turn of the year from 1922 to 1923, physicists looked forward with
enormous enthusiasm towards detailed solutions of the outstanding problems, such as
the helium problem and the anomalous Zeeman Effect (the split lines in a magnetic
field). However, within less than a year, the investigation of these problems revealed an
almost complete failure of Bohr’s atomic theory. Bohr’s model, which was perfected by
Sommerfeld’s quantization rules, worked when applied to the spectrum of the hydrogen
atom, even solving the relativistic fine-structure and the split lines in an electric field
(the Stark Effect). Nevertheless, there was a great difficulty: it was not possible to use
the Bohr-Sommerfeld quantization rules for the anomalous Zeeman Effect and for the
helium atom, whose electrons rotate around the nucleus, because the three-body
problem, of difficult mathematical treatment, is encountered. The anomalous Zeeman
Effect and the helium spectrum were the two stumbling blocks in the old quantum
theory.
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3. Early Quantum Mechanics

Old quantum physics was a house built on sand. Each problem had to be solved first
within the classical physics realm, and only then the solution could be translated by
means of diverse computation rules — for instance, the correspondence principle of
Bohr, i.e. the view of classical mechanics as a limit case of quantum theory — into a
meaningful statement in quantum physics. Bohr’s principle of correspondence
transferred a number of conclusions formulated in classical mechanics to quantum
theory. This consisted in the obvious requirement that ordinary classical mechanics had
to hold to a high degree of approximation in the limiting case where the numbers of the
stationary states, the so-called quantum numbers, were very large. The correspondence
principle acted as a code book for translating a classical relation into its quantum
counterpart. It was a daring fusion of old and new. But these rules revealed a dismaying
state of affairs in 1924. In words of Bohr, Kramers and Slater, 1924:

‘At the present state of science it does not seem possible to avoid the formal character of
the quantum theory which is shown by the fact that the interpretation of atomic
phenomena does not involve a description of the mechanism of the discontinuous
processes, which in the quantum theory of spectra are designated as transitions between
stationary states of the atom.” (Van der Waerden 1968, 159.)

Quantum physicists became more and more convinced that a radical change on the
foundations of physics was necessary, that is to say: a new kind of mechanics which
they called quantum mechanics. To tell the truth, the name was coined by Max Born in
a 1924 paper. Werner Heisenberg, who at that time was Born’s assistant, had to come
into the scene. Beginning with Heisenberg’s inspired bout of hay fever of 1925, we
follow the development of matrix mechanics and Schrdédinger’s wave mechanics, and
end the tour with the comparison of both formalisms.

3.1 Matrix Mechanics

In June 1925 Werner Heisenberg cut the Gordian knot and developed matrix mechanics
in his  historic paper ‘Uber quantentheoretische Umdeutung kinematischer und
mechanischer Beziehungen’, although he did not even know what a matrix was, as he
confessed and Max Born and Pascual Jordan pointed out.

Heisenberg aimed at constructing a quantum-mechanical formalism corresponding as
closely as possible to that of classical mechanics. Thus he considered the classical
equation of motion

%= f(x) (2)

where he substituted X and f(x) by their quantum analogues. The classical position q

and momentum p (and their operations g7, p? pg...) were assigned the quantum
position Q and the quantum moment P (and, respectively, their operations

Q% P? PQ...), where Q and P were sets of numbers completely determined by the
intensity and frequency of the emitted or absorbed atomic radiation. The new kinematic
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quantities contained information about the measurable line spectrum of an atom rather
than the unobservable orbit of the electron.

Fourier’s orbital components

f ()= f(n,k)=> x(n,k)exp{2ziv(n,k)t} (3)

were substituted by the respective radiation elements

fo®) =X,y exp{2ziv, 1}, 4)
k

where x, .., and v, ., were the amplitude and the frequency of the transition radiation

between two stationary states n and n—k . In Heisenberg’s theory, therefore, the places
of the particle coordinates q or p were taken by sets Q and P of numbers
corresponding to the Fourier coefficients of classical motion.

Inspired in Einstein’s theory of relativity, Heisenberg had eliminated these
representations that did not correspond to experimentally observable facts. To put it
another way, the old picture of electronic orbits. Given that an electron trajectory inside
an atom was not observable, it was necessary to drop such a concept and the concepts
associated to it, like those of position and velocity. Only intensities, frequencies, and
amplitudes of radiation were observable, because they could be determined by spectral
lines. The new theory replaced the electron orbits by square arrays that represented
emitted or absorbed radiation. That is, for instance,

{xn,n_k exp(Znivn,n_kt)}n’k . (5)

Those square arrays Q and P were matrices, as Born and Jordan (1925) indicated.

Heisenberg did not really arrange his quantum-theoretical quantities into a table or
array. He began to deal with sets of allowed physical quantities. But Born looked at
these sets of numbers and he suddenly saw that they could be interpreted as
mathematical matrices. Furthermore, Born could not take his mind off Heisenberg’s
symbolic rule for multiplying kinematic quantities, and after a time of intensive thought
and trial he suddenly remembered an algebraic theory which he had learned from his
teacher, Professor Rosanes, in Breslau. In 1925, matrix calculus was an advanced
abstract technique, well known to Born from his student days from the lectures of
Rosanes in Breslau, but Heisenberg struggled with it. Born realized that Heisenberg’s
multiplication rule was nothing but to the mathematical rule for multiplying matrices. In
fact, if

A= {xn'nfk exp(Znivn'nfkt)}nyk (6)

and
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B ={Vnnt exp(Zﬂivn,nfkt)}n’k, 7)
then

AB={z,,. exp(Zﬂivn’n_kt)}n'k (8)
where

Zooy = Zx Yook - )

This led to the puzzling result that the commutation law was no longer necessarily valid.
That is, A times B does not necessarily equal B times A in qguantum mechanics. This
was particularly important when Born and Jordan obtained the quantum mechanical
expression corresponding to the quantum conditions in the old quantum theory.

Some days later Born met Pauli in a train from Gottingen to Hannover and asked him to
collaborate on the matrix program but he impertinently declined the invitation, on the
grounds that Gottingen’s futile mathematics would spoil Heisenberg’s physical ideas.
Pauli vilified ‘Gottinger formalen Gelehrsamkeitsschwall’ (Gottingen’s torrent of
erudite formalism). This rejection failed to demoralize Born, who immediately set out to
work with a more benevolent collaborator, his pupil Pascual Jordan, who overheard
Born discussing matrix theory with Pauli on the train. The next step was to formalize
Heisenberg’s theory using the language of matrices. The mathematical method of
treatment inherent in the new quantum mechanics was characterized by the use of
matrix calculus in place of the usual number analysis.

Born and Jordan (1925) proved that the matrices P and Q satisfied the so-called exact
quantum condition:

PQ-Qp 1. (10)

2
In  fact, _if Q=(q,,expQxriv, 1)) , P=(p,,expQzriv,t)) , and
D=PQ-QP= (dm'n exp(Znivm‘nt)) , then, using the old quantum condition J = nh

od(n)
on

and the Born rule k =®(n)—d(n-k) to transform continuous functions in

discrete functions, the diagonal elements are:

dn,n = Zk:( PnkGkn — Unk pk,n)
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= z(pn,n—kqn—k,n — On,n+k pn+k,n) = —Zki[p(n, k)a(n,—k)]

an £ 2 -2miko00a(n k)—ii pg'dt == pdg
:LQJ:LQ hetpo (11)

27 on 274 on 24 24

The non-diagonal elements of the matrix D are zero because
D' =(PQ-QP) =(27iv,,dy, exp(2zivy ot)) =0 (12)
ifandonlyif d,, =0 (for m=n).

That matrix equation (10) was the only one of the formulae in quantum mechanics
proposed by Heisenberg, Born and Jordan, in the known as ‘Dreiménnerarbeit’ (1926),
which contained Planck’s constant h, and it was a re-interpretation of the Bohr-
Sommerfeld quantum conditions. In fact, this equation was engraved on Born’s
tombstone as an epitaph.

Finally, a variational principle, derived from correspondence considerations, yielded
certain motion equations for a general Hamiltonian H = H (Q,P), which was a close

analogue of the classical canonical equations:

. oH
e (13)
5__oH

- Q

The exact quantum condition (10) together with these equations of motion (13) were
sufficient to define all matrices and hence the experimentally observable properties of
the atom.

Consequently, the basic matrix-mechanical problem was merely that of integrating these
motion equations (13), i.e. the algebraic problem of diagonalizing the Hamiltonian
matrix H, whose eigenvalues were the quantum energy levels. Born, Jordan and
Heisenberg applied the rules of matrix mechanics to a few highly idealized problems
and the results were quite satisfactory. However, there was, at that time, no rational
evidence that their matrix mechanics would prove correct under more realistic
conditions. The first physically important application of Gottingen’s matrix theory was
made several months later by Wolfgang Pauli, who calculated the stationary energy
values of the hydrogen atom, and found complete agreement with Bohr’s formulae.

“The three-men mechanics’ managed to avoid the problems posed by old quantum
theory: on the one hand, it substituted the electron orbits by discrete states defined by
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way of matrices; on the other hand, the satisfactory explanation of the hydrogen
spectrum created the expectation that finally it would be possible to explain
multielectronic atoms.

Summing up, matrix mechanics was presented in a fully developed form in the famous
‘three-men’s paper’ of Born, Heisenberg and Jordan (and also in Dirac’s first paper on
quantum mechanics, received 7 November 1925, which contained an analogous theory
of such non-commutating symbols P and Q, inspired by a lecture of Heisenberg in

Cambridge). This theory was based upon four hypotheses:

MM;. The behavior of a quantum mechanical system is determined by the (Hermitian)
matrices Q =(q,,e*™"™) and P =(p,,e*™™) (one matrix Q for every coordinate q,
and one P for every momentum p ) where the amplitudes and the frequencies satisfy:

O = Oy (14)
P = Pom (15)
Vin =~V (16)
Ven 20 for m=n (17)
Vs + Vg =V (18)

MM,. The quantum mechanical matrices Q and P satisfy the exact quantum condition:

PQ-QP = | (19)

27l
where | is the identity matrix.
MMjs. Equations of motion

_oH

oH ~eH
oP "’

% .

Q (20)
MMq,. If Q and P verify the last three axioms, then the Hamiltonian H is a diagonal
matrix, having as diagonal elements the energy values, i.e. o(H)={E,}. Otherwise it

is necessary to find a canonical transformation (nowadays called unitary
transformation), that is an orthogonal matrix S such that S™HS is diagonal (in this case
S7QS and S'PS verify MM;-MMs).

©Encyclopedia of Life Support Systems (EOLSS)



FUNDAMENTALS OF PHYSICS — Mathematical History of Wave and Matrix Quantum Mechanics — Carlos M. Madrid- Casado

TO ACCESS ALL THE 38 PAGES OF THIS CHAPTER,
Visit: http://www.eolss.net/Eolss-sample AllChapter.aspx

Bibliography

Akhiezer, N. 1. (1965). The classical moment problem. London: Oliver & Boyd. [A deep account on this
mathematical problem.]

Albert, D. Z. (1992). Quantum Mechanics and Experience. Harvard: Harvard University Press. [A primer
on the conceptual foundations of quantum physics.]

Basdevant, J. L. (2007). Lectures on Quantum Mechanics, Paris: Springer Verlag. [An elementary, yet
original handbook.]

Beller, M. (1983). Matrix Theory before Schrddinger, Isis 74/4, 469-491. [This paper describes the
successes and the failures of the original matrix approach.]

Beller, M. (1999): Quantum Dialogue. Chicago: University of Chicago Press. [This book is an attempt to
analyse the social making of the quantum revolution.]

Bohm, A. (1966). Rigged Hilbert Space and Mathematical Description of Physical Systems, Lectures in
Theoretical Physics 94, 1-88. [One of the classic works on the mathematical formalization of Dirac
guantum theory.]

Bohm, D. (1952). A suggested interpretation of the quantum theory in terms of hidden variables (I & 11),
Phys. Rev. 35, 166-179 and 180-193. [The founding paper of Bohmian quantum mechanics.]

Bohm, D. (1989). Quantum Theory. New York: Dover. [A classic handbook.]

Bohr, N. (1913). On the constitution of atoms and molecules, Philosophical Magazine 26, 1-25, 476-502
and 857-875. [The famous trilogy.]

Bohr, N. (1935). Can Quantum-Mechanical Description of Physical Reality be Considered Complete?,
Physical Review 48, 696-702. [This paper constitutes the Copenhagen’s rejection to EPR.]

Bohr, N. (1965). The structure of the atom (Nobel Lecture, December 11, 1922), in Nobel Lectures.
Physics 1922-1941, pp. 7-43. Amsterdam: Elsevier Publishing Company. [Niels Bohr’s Nobel Lecture in
1922.]

Bohr, N., Kramers, H. C. and Slater, J. C. (1924). The quantum theory of radiation, Philosophical
Magazine 47, 785-802. Reprinted in B. L. van der Waerden (ed.) (1968), Sources of Quantum Mechanics,
Dover, New York, pp. 159-176. [This paper pointed out the limit of the old quantum theory.]

Born, M. (1926). Zur Quantenmechanik der Stossvorgange, Z. Physik 37, 863-867. [In this work Born
formulated the statistical interpretation of wave-function.]

Born, M. (1965). The statistical interpretation of quantum mechanics (Nobel Lecture, December 11,
1954), in Nobel Lectures. Physics 1942-1962, pp. 256-267. Amsterdam: Elsevier Publishing Company.
[Max Born’s Nobel Lecture in 1954.]

Born, M. and Jordan, P. (1925). Zur Quantenmechanik, Z. Physik 34, 858-888. Reprinted in B. L. van der
Waerden (ed.) (1968), Sources of Quantum Mechanics, Dover, New York, pp. 277-306. [The second
paper on matrix mechanics.]

©Encyclopedia of Life Support Systems (EOLSS)


https://www.eolss.net/ebooklib/sc_cart.aspx?File=E6-06B-09-00

FUNDAMENTALS OF PHYSICS — Mathematical History of Wave and Matrix Quantum Mechanics — Carlos M. Madrid- Casado

Born, M. and Heisenberg, W. and Jordan, P. (1926). Zur Quantenmechanik Il, Z. Physik 35, 557-615.
Reprinted in B. L. van der Waerden (ed.) (1968), Sources of Quantum Mechanics, Dover, New York, pp.
321-386. [The celebrated “‘three-men paper’.]

Born, M. and Wiener, N. (1925). A new formulation of the laws of quantization of periodic and aperiodic
phenomena, Journal of Mathematics and Physics (M.I.T.) 5, 84-98. [In this work Born and Wiener
introduced operators in quantum mechanics.]

Boya, L. J. (2003). Rejection of the Light Quantum: The Dark Side of Niels Bohr, International Journal
of Theoretical Physics 42/10, 2563-2575. [This paper describes Bohr’s problems to accept Einstein’s
hypothesis of light-quantum.]

Bueno, O. (2001). Weyl and von Neumann: Symmetry, Group Theory, and Quantum Mechanics, draft
paper presented in Symmetries in Physics. New Reflections, Oxford Workshop (Oxford, January 2001). [A
comparison between Weyl and Von Neumann quantum theories.]

Coutinho, S. C. (1997). The Many Avatars of a Simple Algebra, The American Mathematical Monthly
104/7, 593-604. [The mathematical history of Dirac’s quantum algebra.]

Cropper, W. H. (1970). The Quantum Physicists. Oxford: Oxford University Press. [A book on the
scientific biographies of the main quantum physicists.]

Darrigol, O. (1992). From c-Numbers to g-Numbers: The Classical Analogy in the History of Quantum
Theory. Berkeley: University of California Press. [A book on the history of the correspondence principle.]

De Broglie, L. (1925). Recherches sur la théorie des quanta, Annales de Physique 10/3, 22-128. [This
paper describes the hypothesis of material waves.]

De Broglie, L. (1965). The wave nature of the electron (Nobel Lecture, December 12, 1929), in Nobel
Lectures. Physics 1922-1941, pp. 244-256. Amsterdam: Elsevier Publishing Company. [Louis de
Broglie’s Nobel Lecture in 1929.]

Dieudonné, J. (1981). History of Functional Analysis. Amsterdam: North-Holland. [A treatise on the
history of functional analysis with a chapter on Von Neumann’s contribution to quantum formalism.]

Dirac, P. A. M. (1925). The Fundamental Equations of Quantum Mechanics, Proc. Roy. Soc. A109, 642-
653. Reprinted in B. L. van der Waerden (ed.) (1968), Sources of Quantum Mechanics, Dover, New
York, pp. 307-320. [The rediscovery of Heisenberg’s matrix mechanics by Dirac.]

Dirac, P. A. M. (1926a). Quantum Mechanics and a Preliminary Investigation of the Hydrogen Atom,
Proc. Roy. Soc. A110, 570-579. Reprinted in B. L. van der Waerden (ed.) (1968), Sources of Quantum
Mechanics, Dover, New York, pp. 417-427. [The calculus of the hydrogen energy spectrum using Dirac’s
method.]

Dirac, P. A. M. (1926b). On Quantum Algebra, Cam. Phil. Soc. Proc. 23, 412-418. [The mathematical
formulation of the algebra of g-numbers.]

Dirac, P. A. M. (1926c). On the Theory of Quantum Mechanics, Proc. Roy. Soc. A112, 661-677. [In this
paper Dirac reformulated matrix mechanics and wave mechanics in terms of his quantum algebra.]

Dirac, P. A. M. (1927). The physical interpretation of the quantum dynamics, Proc. Roy. Soc. A113, 621-
641. [Dirac’s most beloved paper, because it contained the transformation theory.]

Dirac, P. A. M. (1930). The Principles of Quantum Mechanics. Oxford: Clarendon Press. [Dirac’s
handbook on quantum mechanics.]

Dirac, P. A. M. (1939). A new notation for quantum mechanics, Cam. Phil. Soc. Proc. 35, 416-418. [The
introduction of the bra-ket notation.]

Eckart, C. (1926). Operator Calculus and the Solution of the Equation of Quantum Dynamics, Physical
Review 28, 711-726. [The second paper on the equivalence of matrix and wave mechanics.]

Einstein, A. (1905). On a Heuristic Viewpoint Concerning the Production and Transformation of Light,
Annalen der Physik 17, 132-148. [One of the five Einstein’s papers in the annus mirabilis, 1905.]

©Encyclopedia of Life Support Systems (EOLSS)



FUNDAMENTALS OF PHYSICS — Mathematical History of Wave and Matrix Quantum Mechanics — Carlos M. Madrid- Casado

Einstein, A., Podolsky, B. and Rosen, N. (1935). Can Quantum-Mechanical Description of Physical
Reality be Considered Complete?, Physical Review 47, 777-780. [This paper explains the important EPR-
Gedankenexperiment against Copenhagen interpretation of quantum mechanics.]

Feynman, R. (1948). The Space-Time Formulation of Nonrelativistic Quantum Mechanics. Reviews of
Modern Physics 20, 367-387. [In this paper Richard Feynman developed the path integral formulation of
quantum theory.]

Fine, A. (1996). The Shaky Game. Einstein Realism and the Quantum Theory. Chicago: Chicago
University Press. [In this book the author looks at Einstein’s philosophical views on quantum mechanics.]

Forman, Paul (1971). Weimar culture, causality, and quantum theory: adaptation by German physicists
and mathematicians to a hostile environment, Historical Studies in the Physical Sciences 3, 1-115. [The
first attempt to analyze the dramatic ideological changes that accompanied the development of quantum
mechanics in Germany.]

Gadella, M. and Gomez, F. (2002). A Unified Mathematical Formalism for the Dirac Formulation of
Quantum Mechanics, Foundations of Physics 32/6, 815-845. [The authors present a rigorous framework
that unifies most of versions of the Dirac formulation of quantum mechanics.]

Galison, P. (1997). Image and Logic: A material culture of microphysics. Chicago: Chicago University
Press. [This book presents an in-depth look at experimental quantum physics in the 20™ century.]

Hanson, N. R. (1961). Are wave mechanics and matrix mechanics equivalent theories?, in H. Feigl and G.
Maxwell (eds.), Current issues in the philosophy of science. Nueva York: Holt Rinehart and Winston. [In
this first epistemological analysis of the mathematical equivalence problem the author denies the
equivalence.]

Heisenberg, W. (1925). Uber quantentheoretische Umdeutung kinematischer und mechanischer
Beziehungen, Z. Physik 33, 879-893. Reprinted in B. L. van der Waerden (ed.) (1968), Sources of
Quantum Mechanics, Dover, New York, pp. 261-276. [The founding paper of matrix mechanics.]

Heisenberg, W. (1927). Uber den anschaulichen Inhalt der quantentheoretischen Kinematic und
Mechanik, Z. Physik 43, 172-198. Reprinted in T. A. Wheeler and M. Z. Zurek, (eds.) (1983). Quantum
Theory and Measurement, Princeton, Princeton University Press, pp. 62-84. [This paper presents the
uncertainty relationship.]

Heisenberg, W. (1933). The development of quantum mechanics (Nobel Lecture, December 11, 1933), in
Nobel Lectures. Physics 1922-1941, pp. 290-301. Amsterdam: Elsevier Publishing Company. [Werner
Heisenberg’s Nobel Lecture in 1933.]

Hilbert, D. (1906). Grundzuge einer allgemeinen Theorien der linearen Integralgleichungen, Gottingen
Nachrichten 1926, 157-227. [The first work on Hilbert spaces.]

Hilbert, D. (1926/27). Mathematische Grundlagen der Quantentheorie, Vorlesung WS 1926/27,
ausgearbeitet von Lothar Nordheim und Gustav Heckmenn (Mathematisches Institut Géttingen; AHQP
Mf. 17 Sec. 2). [The notes of the lectures of David Hilbert on quantum mechanics during the academic-
year 1926/1927.]

Hilbert, D., Nordheim, L. and Von Neumann, J. (1927). Uber die Grundlagen der Quantenmechanik,
Mathematische Annalen 98, 1-30. [The first paper on the treatment of quantum formalism using integral
operators.]

Jammer, M. (1974). The Philosophy of Quantum Mechanics. Nueva York: John Wiley & Sons. [A
comprehensive understanding of the philosophical concepts of the interpretation of quantum formalism].

Jammer, M. (1989). The Conceptual Development of Quantum Mechanics. American Institute of Physics:
Tomash Publishers. [An overview on the mathematical history of quantum mechanics.]

Jordan, P. (1926). Uber kanonische Transformationen in der Quantenmechanik, Z. Physik 37, 383-386.
[In this work Jordan conjectured that the matrix and wave representations of canonical commutation
relations are equivalent.]

Jordan, P. (1927a). Uber eine neue Begriindung der Quantenmechanik I, Z. Physik 40, 809-838. [The first
paper on Jordan transformation theory.]

©Encyclopedia of Life Support Systems (EOLSS)



FUNDAMENTALS OF PHYSICS — Mathematical History of Wave and Matrix Quantum Mechanics — Carlos M. Madrid- Casado

Jordan, P. (1927b). Uber eine neue Begriindung der Quantenmechanik I1, Z. Physik 44, 1-25. [The second
paper on Jordan transformation theory.]

Kronz, F. M. (1999). Bohm’s Ontological Interpretation and Its Relations to Three Formulations of
Quantum Mechanics, Synthese 117, 31-52. [An analysis of the compatibility between Bohm’s
interpretation and several quantum formalisms.]

Kronz, F. M. (2004). Quantum Theory: von Neumann vs. Dirac, in The Stanford Encyclopedia of
Philosophy, http://plato.stanford.edu/archives/fall2004/entries/qt-nvd/. [The purpose of this encyclopaedia
entry is to draw a comparison of the respective contributions of Von Neumann and Dirac to quantum
theory.]

Kronz, F. M. and Lupher, T. A. (2005). Unitarily Inequivalent Representations in Algebraic Quantum
Theory, International Journal of Theoretical Physics 44/8, 1239-1258. [A paper on inequivalent
representations of canonical commutation relations and on their physical content.]

Kuhn, T. S. (1987). Black-Body Theory and the Quantum Discontinuity: 1894-1912. Chicago: Chicago
University Press. [In this book, the philosopher and historian of science Thomas Kuhn looks at the early
development of quantum theory through the work of Max Planck, who saw it as a contribution to classical
physics, not as a revolution.]

Lacki, J. (2000). The Early Axiomatizations of Quantum Mechanics: Jordan, von Neumann and the
Continuation of Hilbert’s Program, Arch. Hist. Exact Sci. 54, 279-318. [It is described the early attempts
at axiomatization by Jordan, Hilbert and Von Neumann.]

Lanczos, C. (1926). On a field theoretical representation of the new quantum mechanics, Z. Physik 35,
812. [The first non-matricial formulation of quantum mechanics.]

Lopez-Bonilla, J. L. and Ovando, G. (2000). Matrix elements for the one-dimensional harmonic
oscillator, IMS Bulletin 44, 61-65. [The authors prove the equivalence between Lanczos’s and
Schrédinger’s formulations of quantum theory.]

Mackey, G. W. (1949). A theorem of Stone and von Neumann, Duke Math. J. 16, 313-326. [A
mathematical survey on the uniqueness theorem.]

Mackey, G. W. (1963). The Mathematical Foundations of Quantum Mechanics. New York: W. A.
Benjamin. [A classic handbook on the subject.]

Madrid-Casado, C. M. (2007). De la equivalencia matematica entre la Mecénica Matricial y la Mecanica
Ondulatoria, Gaceta de la Real Sociedad Matemética Espafiola 10/1, 101-128. [This article is concerned
with surveying the history of the mathematical equivalence between matrix and wave mechanics.]

Madrid-Casado, C. M. (2008). A brief history of the mathematical equivalence between the two quantum
mechanics, Lat. Amer. J. Phys. Ed. 2/2, 104-108. [A sketch of the proof of mathematical equivalence.]

Madrid-Casado, C. M. (2009). Do Mathematical Models Represent the World? The case of quantum
mathematical models, in J.L.. Gonzalez Recio (ed.), Philosophical Essays on Physics and Biology, pp. 67-
89. Hildesheim: Georg Olms Verlag. [This paper explores the link between Nature and mathematics in
guantum mechanics.]

Mehra, J. and Rechenberg, H. (1982). The Historical Development of Quantum Theory, Vols. 1 to 6. New
York: Springer Verlag. [These are the contents of this monumental work: Vol. I-The Quantum Theory of
Planck, Einstein, Bohr and Sommerfeld 1900-1925, Vol. 1I-The Discovery of Quantum Mechanics 1925,
Vol. 1l11-The Formulation of Matrix Mechanics and Its Modifications 1925-6, Vol. IV-The Reception of
the New Quantum Mechanics 1925-6, Vol. V-Dirac 1925-6, Vol. VI-The Formulation of Wave
Mechanics and Its Modifications, 1926.]

Melsheimer, O. (1972). Rigged Hilbert Space Formalism as an Extended Mathematical Formalism for
Quantum Systems, Journal of Mathematical Physics 15, 902-926. [One of the classic works on the
mathematical formalization of Dirac quantum theory.]

Muller, F. A. (1997a). The Equivalence Myth of Quantum Mechanics — Part |, Stud. Hist. Phil. Mod.
Phys. 28/1, 35-61. [The first part on an in-deep reconstruction of the proofs of mathematical equivalence.]

Muller, F. A. (1997b). The Equivalence Myth of Quantum Mechanics — Part Il, Stud. Hist. Phil. Mod.
Phys. 28/2, 219-247. [The second part of the work cited above.]

©Encyclopedia of Life Support Systems (EOLSS)



FUNDAMENTALS OF PHYSICS — Mathematical History of Wave and Matrix Quantum Mechanics — Carlos M. Madrid- Casado

Pauli, W. (1926). Uber das Wasserstoffspektrum vom Standpunkt der neuen Quantenmechanik, Z. Physik
36, 336-363. Reprinted in B. L. van der Waerden (ed.) (1968), Sources of Quantum Mechanics, Dover,
New York, pp. 387-415. [Pauli’s tour de force to apply matrix mechanics and to calculate hydrogen
energy values.]

Perovic, S. (2008). Why Were Matrix Mechanics and Wave Mechanics Considered Equivalent?, Stud.
Hist. Phil. Mod. Phys.39/2, 444-461. [A critical assessment of Muller’s papers.]

Planck, M. (1900). Zur Theorie des Gesetzes der Energieverteilung im Normalspektrum, Verhandlungen
der Deutschen Physikalischen Gesellschaft 2, 237-245. [The founding paper of the old quantum theory.]

Planck, M. (1965). The Genesis and Present State of Development of the Quantum Theory (Nobel
Lecture, June 2, 1920), in Nobel Lectures. Physics 1901-1921. Amsterdam: Elsevier Publishing
Company. [Max Planck’s Nobel Lecture in 1920.]

Rédei, M. (ed.) (2005). John von Neumann: Selected Letters. New York: American Mathematical
Society. [A compilation of the scientific letters written by Von Neumann.]

Rédei, M. and Stdltzner, M. (eds.) (2001). John von Neumann and the Foundations of Quantum Physics.
Dordrecht: Kluwer. [This book reviews Von Neumann’s contributions to quantum mechanics.]

Roberts, J. (1966). Rigged Hilbert Space in Quantum Mechanics, Communications in Mathematical
Physics 3, 98-119. [One of the classic works on the mathematical formalization of Dirac quantum theory.]

Rosenberg, J. M. (2004). A Selective History of the Stone-von Neumann Theorem, in Operator algebras,
quantization, and noncommutative geometry, Contemp. Math. 365, pp. 123-158. Providence: American
Mathematical Society. [The author discusses the quantum origins of the theorem, the ways the theorem
has been reformulated, and the mathematics that has grown out of it.]

Rutherford, E. (1911). The scattering of a and f particles by matter and the structure of the atom,
Philosophical Magazine 21, 669-688. [The report of the discovery of the atomic nucleus.]

Sanchez-Ron, J. M. (2001). Historia de la fisica cuantica I. El periodo fundacional (1860-1926).
Barcelona: Critica. [A book on the history of quantum physics well documented and clearly written, but
in Spanish! So not everyone will be able to enjoy it.]

Schirrmacher, A. (2003). Planting in his Neighbor’s Garden: David Hilbert and Early Gottingen Quantum
Physics, Physics in Perspective 5, 4-20. [An analysis on Hilbert’s important role in establishing quantum
physics in Gottingen.]

Schrodinger, E. (1926a). Quantisierung als Eigenwertproblem 1, Annalen der Physik 79, 361-376.
Reprinted in E. Schrodinger (1982), Collected Papers on Wave Mechanics, Chelsea Publishing Company,
New York, pp. 1-12. [The founding paper of wave mechanics.]

Schradinger, E. (1926b). Uber das Verhéltnis der Heisenberg-Born-Jordanschen Quantenmechanik zu der
meinen, Annalen der Physik 79, 734-756. Reprinted in E. Schrédinger (1982), Collected Papers on Wave
Mechanics, Chelsea Publishing Company, New York, pp. 45-61. [Schrddinger’s proof of equivalence
between wave and matrix mechanics.]

Schrédinger, E. (1965). The fundamental idea of wave mechanics (Nobel Lecture, December 12, 1933),
in Nobel Lectures. Physics 1922-1941, pp. 305-316. Amsterdam: Elsevier Publishing Company. [Erwin
Schrodinger’s Nobel Lecture in 1933.]

Schraédinger, E. (1982). Collected Papers on Wave Mechanics. New York: Chelsea Publishing Company.
[A compilation of Schrédinger’s papers on wave quantum mechanics.]

Shohat, J. A. and Tamarkin, J. D. (1943). The problem of moments. New York: American Mathematical
Society. [An account on this mathematical problem.]

Stone, M. H. (1930). Linear transformations in Hilbert space. Operational methods and group theory,
Proc. Nat. Acad. Sci. U.S.A. 16, 172-175. [Stone’s work on uniqueness theorem.]

Styler, D. F. et alii (2002). Nine formulations of quantum mechanics, American Journal of Physics 70/3,
288-297. [This paper reviews the most important formulations of quantum physics.]

Summers, S.J. (2001). On the Stone-von Neumann uniqueness theorem and its ramifications, in M. Rédei
and M. Stéltzner (eds.), John von Neumann and the Foundations of Quantum Physics, pp. 135-152.

©Encyclopedia of Life Support Systems (EOLSS)



FUNDAMENTALS OF PHYSICS — Mathematical History of Wave and Matrix Quantum Mechanics — Carlos M. Madrid- Casado

Dordrecht: Kluwer. [Stone-Von Neumann theorem is surveyed with its main applications in quantum
field theory.]

Van der Waerden, B.L. (ed.) (1968). Sources of Quantum Mechanics. New York: Dover. [A compilation
of the most important papers of old quantum theory and matrix mechanics.]

Van der Waerden, B.L. (1973). From Matrix Mechanics and Wave Mechanics to Unified Quantum
Mechanics, in J. Mehra (ed.) (1973), The Physicist’s Conception of Nature, pp. 276-293. Dordrecht:
Reidel Publishing Company. Reprinted in Notices of the AMS, 44/3 (1997) 323-328. [In this paper Van
der Waerden published the letter of Pauli on the mathematical equivalence of quantum mechanics.]

Van Hove, L. (1958). Von Neumann’s contributions to quantum theory, Bulletin of the American
Mathematical Society 64, 95-99. [A brief scientific biography of John von Neumann.]

Von Neumann, J. (1927a). Mathematische Begriindung der Quantenmechanik, Nachrichten Géttingen
1927, 1-57. Reprinted in J. von Neumann (1961), Collected Works, vol. 1, Pergamon Press, New York
and Oxford, pp. 151-207. [The first paper on the treatment of quantum mechanics using Hilbert space.]

Von Neumann, J. (1927b). Wahrscheinlichkeitstheoretischer Aufbau der Quantenmechanik, Nachrichten
Gottingen 1927, 245-272. [The second on the subject cited before.]

Von Neumann, J. (1929). Allgemeine Eigenwerttheorie Hermitischer Funktionaloperatoren, Math. Ann.
102, 49-131. [Von Neumann’s magisterial paper on unbounded Hermitian operators.]

Von Neumann, J. (1931). Die Eindeutigkeit der Schrodingerschen Operatoren, Math. Ann. 104, 570-578.
Reprinted in J. von Neumann (1961), Collected Works, vol. 2, Pergamon Press, New York and Oxford,
pp. 220-229. [Von Neumann’s proof of the uniqueness theorem.]

Von Neumann, J. (1932). Mathematische Grundlagen der Quantenmechanik. Berlin: Springer. English
translation (1955): Mathematical foundations of quantum mechanics, Princeton University Press,
Princeton. [Von Neumann’s celebrated book on the rigorous and unified formalism of quantum
mechanics using Hilbert space.]

Von Neumann, J. (1961). Collected Works, vol. 1 and vol. 2. New York and Oxford: Pergamon Press. [A
compilation of the scientific works of John von Neumann.]

Weyl, H. (1928). Gruppentheorie und Quantenmechanik. Leipzig: Hirzel. English translation (1931): The
Theory of Groups and Quantum Mechanics, Dover, New York. [Weyl’s foundations of quantum
mechanics via group-theoretic approach.]

Wheeler, T. A. and Zurek, M. Z. (eds.) (1983). Quantum Theory and Measurement. Princeton: Princeton
University Press. [A compilation of the most important papers on the interpretation of quantum
mechanics.]

Wigner, E. (1931). Group Theory and Its Application to the Quantum Mechanics of Atomic Spectra.
Nueva York: Academic Press. [Wigner’s quantum mechanics using group-theory.]

Wintner, A. (1947). The unboundedness of quantum-mechanical matrices, Physical Rev. (2) 71, 738-739.
[This paper contains Wintner theorem, which demonstrated that the quantum matrices Q and P are
unbounded.]

Biographical Sketch

Carlos M. Madrid-Casado, Professor of Mathematics at Lazaro Cardenas Institute and Associate
Professor of Decision Theory at the Department of Statistics and Operations Research 1l of Complutense
University of Madrid (Spain). Graduated in Mathematics from Complutense University. PhD in Logic
and Philosophy of Science (awarded with cum laude distinction), with a thesis entitled “The
Mathematical Equivalence between Quantum Mechanics and the Unpredictability in Chaos Theory. Two
Study-Cases”, Complutense University. His present research interests concern: History and Philosophy of
Science, Foundations of Physics and Mathematics, Quantum Mechanics, Chaos Theory, and
Epistemology. Author of about 30 research papers in national and international journals, and numerous
presentations in scientific meetings on foundations of science. This work is part of a research project on
the foundations of quantum information supported by Spanish Ministry of Science.

©Encyclopedia of Life Support Systems (EOLSS)



